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Solution 1

1. A finite trigonometric series is of the form ag+ 3.2, (a, cos nz+b, sinnz). A trigonometric
polynomial is of the form p(cos z, sin x) where p(z,y) is a polynomial of two variables z, y.
Show that a function is a trigonometric polynomial if and only if it is a finite Fourier series.

Solution Let
N

ik
pla,y)= Y. apaly
Gk, 1<j+k<N
be a polynomial of degree N. A general trigonometric polynomial is of the form
p(cosz,sinx) = Z ajk cos? zsin® z .
Jik

Plugging Euler’s formulas cosz = (e +e7®),sinz = 4 (¢’ — e '), into this expression,
one has

] % 4 g~ J P
cosxT,sImx) = a; - .
pleoszsin) =S (5 ) (T5 )
Js

Collecting the terms into series in e?,

N
p(cosz,sinx) = g cne™
n=—N

which is a finite Fourier series.

2 2

Conversely, observe that cos 2x = cos® x —sin” x, sin 2o = 2 cos x sin z, by induction you can

show that cosnz and sinna can be expressed as p(cos z, sin z) of degree N. Hence a finite
. . N . . . .

Fourier series f(x) = ao + ), _;(an cosnz + b, sinnz) can be written as a trigonometric

polynomial.

2. Let f be a 2m-periodic function which is integrable over [—7, 7]. Show that it is integrable

over any finite interval and
[ t@ys = [ sz,
I J

where I and J are intervals of length 2.

Solution It is clear that f is also integrable on [n7, (n + 2)7], n € Z, so it is integrable
on any finite interval. To show the integral identity it suffices to take J = [—m, x| and
I = [a,a + 27| for some real number a. Since the length of I is 27, there exists some n
such that nm € I but (n + 2)m does not belong to the interior of I. We have

f)dz = [ f(z)de + f(z)dz.
/atl—i-27r /anw /na—&-27r

T

/amrf(m)da: = /a(n+2)7r f(z)dz

+27

Using

(by a change of variables), we get

/aa+27r fz)dz = /a(n+2)7r f(z)dz + /CLH7T f(z)dz = /n(n+2)7r.

+27 nm
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Now, using a change of variables again we get

(n+2)m ™
/ f(z)dz = 3 f(x)dzx.

us

3. Verify that the Fourier series of every even function is a cosine series and the Fourier series
of every odd function is a sine series.

Solution Write -
f(x) ~ag+ Z(an cos nx + by, sin nx).

n=1

Suppose f(x) is an even function. Then, for n > 1, we have

—T —T

wby = /7T sinnz f(z)dx = /0 sinnx f(x)dz + /07r sinnz f(r)dx .

By a change of variable and using f(—x) = f(x) since f(z) is an even function,

/0 sinnz f(z)dr = /7r sin(—nz) f(—z)dx = — /7r sinnz f(z)dz,
0 0

—T

one has

ﬂbn——/ sinnxf(:):)dac—i—/ sinnx f(z)dz = 0.
0 0

Hence the Fourier series of every even function f is a cosine series.

Now suppose f(x) is an odd function. Then, for n > 1, we have

™ 0 iy
Ta / cosnx f(x)dx / cosnx f(x)dx + /0 cosnz f(x)dx

—T —T

By a change of variable and using f(—x) = —f(x) since f(z) is an odd function,

/O cosnz f(z)dx = /7T cos(—nx) f(—x)dx = — /7r cosnz f(z)dz,
0 0

-7

one has - -
TI'CLn:—/ cosnxf(:c)dx+/ cosnzxf(x)de =0, Vn>0.
0 0

4. Here all functions are defined on [—m,7|. Verify their Fourier expansion and determine
their convergence and uniform convergence (if possible).

(a) )
2 n+1
2 T (—1
r“~——4 g ~———— Ccosnx
2 )
3 ot n

[e.9]

T 4 1
~ - = E - m—1
|| 5 2 2n— 172 cos(2n )z,
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flx) = { Lo@€ F)’?T] ~ %Z ! sin(2n — 1)z,

[\

S
|

—_

o(z) = { a(r—a), zel0,m) %Z (Znil)?)sin@n .

n=1

Solution

(a) Consider the function fi(z) = 2%. As fi(z) is even, its Fourier series is a cosine series

and hence b,, = 0.

1 ™ 3| 2

T T
ap = — e = ——| =—,
2 J_, 2m 3|, 3
and by integration by parts,
1 ™
an = / 22 cos nzdx
™ —Tr
1 T 2 7r
= —z’sinnz - — rsinnxdx
nmw .onm ) .
2 4 2 i
= —S-rcosne - = cos nxdx
n2w . nfm )
—_1)"
0
n
Forn > 1,
-1 n+1 4
an) = |45 < 2
n n

We conclude that the Fourier series converges uniformly by the Weierstrass M-test.

(b) Consider the function fa(z) = |z|. As fa(z) is even, its Fourier series is a cosine series

and hence b,, = 0.

1 g 2|

1
apg = — |x|dx = -
2m 2m 2

)

7T
- . 2

and by integration by parts,

1 (7 2 [T
an = / || cos nxdr = / x cos nxdr
0

T ) T
= —gxsinnz| — — sin nxdx
nmw o nmJo
= — —— COSNT
n2m 0
ey ]
n2m
Forn > 1,
(=)™ —1] 4
=2 < .
[an| =1 n?m < N2

We conclude that the Fourier series converges uniformly by the Weierstrass M-test.
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(c¢) As f(z) is odd, its Fourier series is a sine series and hence a, = 0.

L[ . 2 [T
by, = — f(x)sinnxdr = — sin nxdz
L m™Jo

I
|
Q
&
S
8

Il
DO

4
Now we consider the convergence of the series — > >° sin(2n — 1)z. Fix
7r

2n -1
x € (—m,0) U (0,7), Using the elementary formula

sin?(N + 1)z
sinx

N
Z sin(2n — 1)z =
n=1

one has that the partial sums | YN sin(2n — 1)z| = |SmQS(IN$I)I

formly bounded. This also holds for = 0, in which case |Z£LV:1 sin(2n — 1)0] = 0.
Furthermore, the coefficients 1/(2n — 1) decreases to 0. We conclude that the Fourier
series converges pointwisely by Dirichlet’s test.

| < \$| are uni-

As g(z) is odd, its Fourier series is a sine series and hence a,, = 0. By integration by
parts,

by, =

BN

™ 2 ™
/ g(z) sinnzdr = — / x(m — x) sin nxdx
T Jo

—T

2 T 2 [T
=— —ax(r —z)cosnz| + — 7 — 2x) cos nxdx
(x - ) (r — 22) cosnad
nm 0 nm Jo
2 T 4
= ——(7m—2x)sinnz| + —— [ sinnwdr
nem 0 n<m Jo
4 ™
= — ——cosnx
n3m 0
4
=5 [(=1)" =1
As g

we conclude that the Fourier series converges uniformly by the Weierstrass M-test.

5. Show that

for x € [0,2n]. Compare it with 4(a).

Solution It shows that a function may have two different Fourier expansions over a
subinterval. Here we have two such expansions over [0, 7].

Consider the function f(z) = z°.

2

I 1 23)°  4n?
[ — d [ —_
“w=or /0 T 903 ’
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and by integration by parts,

1 27
_ 2
ap = — z° cosnxdr
™ Jo
2 1 2
= —2’sinnz| — —  sin nxdx
nmw 0 nm Jy
2 2 2 21
= S-xcosnr| — —— cosnzdr
n2mw 0 n?m J,
4
=2
and
1 2
b, = — 22 sin nxdx
™ Jo
2w s
B 1 5 2
= — —zx“cosnx| + — T cos nxdx
nmw 0 nm Jo
4r 2 g 2w
=——+ S-zsinnz| — - sin nzdx
n n n?mw Jg
0
47
n

Remark. For a function f defined on [0, 27], its Fourier series is given by

oo
f~ag+ Z(an cos nx + by, sinnx),

n=1

where
1 27 1 27
ao:% i f(z)dz an:; ; (z) cosnzdz ,

and

1 271'

b, = — (z)sinnz dx .
™ Jo

The reason is similar to what we did for functions on [-T, T]. The function g(z) = f(z+m)
is defined on [—m, 7|. Then

flx+7m)=g(z) ~ap+ Z(an cosnx + By sinnx) .

n=1

By writing everything in terms of f, we get the formulas. Can you write down the formula
of the Fourier coefficients for a function on [a, b]?

. Find the Fourier series of the function |sinz| on [—m, 7.

Solution. The function |sinz| is even. Using formulas such as

an:/ sin x cos nx dz,
T Jo
we get
2 (-1 +1 2
an:_i(QL7nZ]~7 apg = — ,
T n-—1 s
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and

2 4 (cos2xr cosdx cosbx
+ + +-0 ).
T m

|sinx| ~ — — —
3 15 35

7. Let f be a 2m-periodic function whose derivative exists and is integrable on [—7, 7]. Show
that its Fourier coefficients decay to 0 as n — oo without appealing to Riemann-Lebesgue
lemma. Hint: Use integration by parts to relate the Fourier coefficients of f to those of f’.

Solution Let a/,b! be the Fourier coefficients for f’. Performing integration by parts

n»-n
yields

™ 1 ™
Ty = f(x)cosnxdr = —— f'(z) sinnzdx .

Therefore,
1 ™
m|an| < / \f(z)|dz =0, n—oo.
n

—Tr

Similarly the same result holds for b,,.



